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Learning and updating an imprecise probabilistic model from samples



The nature

» Induction

of inference models

Let men be once fully perswaded of these two principles, that there is
nothing in any object, consider’'d in itself, which can afford us a reason
for drawing a conclusion beyond it; and, that even after the
observation of the frequent or constant conjunction of objects, we have
no reason to draw any inference concerning any object beyond those of
which we have had experience; | say, let men be once fully convinc'd of
these two principles, and this will throw them so loose from all
common systems, that they will make no difficulty in receiving any,
which may appear the most extraordinary.

Hume in A treatise of human nature [1739, §1.3.12, 920]
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» So anything goes?
» Not in practice, experience tells us.
» But yes, we should not dogmatically stick to a given system.
» And evaluate different systems using the actual data.



The nature of inference models

> Induction
» There is nothing in any object, consider'd in itself, which can afford us
a reason for drawing a conclusion beyond it.
» Even after the observation of the frequent or constant conjunction of
objects, we have no reason to draw any inference concerning any
object beyond those of which we have had experience.

» So anything goes?
» Not in practice, experience tells us.
» But yes, we should not dogmatically stick to a given system.
» And evaluate different systems using the actual data.

» The importance of assumptions, principles, convenience, and
interpretability
» sampling model
exchangeability, iid
invariance under symmetry operations
simplicity, mathematical tractability
specificity, partition exchangeability,. . .

v vy VvYy



The plan

1. Inference for exponential families

1.1 An example to introduce the theory
1.2 An exercise to practice the theory

2. Symmetry considerations

3. Exchangeability and its consequences



Example:
Inference for Poisson samples
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Example: the data

Observed numbers of emails arriving in Gert's mailbox between 9am and
10am on ten consecutive Mondays:

2 7 5 3 3 3 1 5) 1 2.

Number of samples: N = 10. (Write this down!)
The sample mean: z = 3.2. (Write this down!)
Order statistics Z(4) with 0 < 7 < 10: (Write this down!)

1 1 2 2 3 3 3 ) 5 7.

Count and frequency vectors: (Write this down!)

Value z | 1 2 3 5 7
Counts n, | 2 2 3 2 1
Frequencies f, | 0.2 0.2 03 02 0.1

(Assumptions: order in sequence does not matter,...)



Example: visualizing the data
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Example: visualizing the data
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Example: visualizing the data slightly differently
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Example: visualizing the data slightly differently

0.3 -
021 = = -
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Distribution-free immediate predictive inference

> Just use the empirical probability mass function f7?
» Nonparametric Predictive Inference approach:

Assign equal probability mass between each pair
of observations in the order statistics.

So assign mass ﬁ to [%(;), 7(i41)] for 0 < i < N,
with 7y = 0 and 7y ;1) = +oc (assumed range).

ny—1 n,+1
> N+1J7> N+1

(Do you see why? Can you calculate some values?)

So, for example, a mass in [max{0 | for every value z.

0.3t _ _ —_ _
0.2t —_ —_ — - —_
0.1 —— — — — — — f— — — —
0 f | O } } f | ! !
o 1 2 3 4 5 6 7 8 9 7
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> Just use the empirical probability mass function f7?

» Linear-vacuous model obtained by adding a number s > 0 of
pseudo-counts or pseudo-observations:

Consider all probability mass functions that result
by considering all possible distributions of the
pseudo-counts over the possible observation values.

Ny n,+s
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(Do you see why? Can you calculate some values?)

So we assign a mass in | ] for every value z.
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Distribution-free immediate predictive inference

> Just use the empirical probability mass function f7?

» Linear-vacuous model obtained by adding a number s > 0 of
pseudo-counts or pseudo-observations:

Consider all probability mass functions that result

by considering all possible distributions of the
pseudo-counts over the possible observation values.

So we assign a mass in 5%, ’]L\?ij] for every value 2.

(Do you see why? Can you calculate some values?)

Also called e-contaminated model: [(1 — ¢)f,, (1 —¢)f, + €]

H _ S
for every value z, with ¢ = 5.

» Different from NPI, we now use a parameter, s,
that regulates the learning rate.



Example: visualizing the linear-vacuous model for s = 1
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Example: visualizing the linear-vacuous model for s =5
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Example: assuming a Poisson sampling model

> A probabilistic model for the number of events occurring in a fixed
interval At > 0 (here one hour)

» Underlying assumptions about event occurrence:

» fixed average rate A>0 (here unknown),
» independent of the time since the last event.



Example: assuming a Poisson sampling model

> A probabilistic model for the number of events occurring in a fixed
interval At > 0 (here one hour)

» Underlying assumptions about event occurrence:

» fixed average rate A>0 (here unknown),
» independent of the time since the last event.

> Probability mass assigned by the Poisson distribution with parameter
A = AAt to any possible number of occurrences z > 0 is

1 z
pps(z|A) == ;)\ exp(—A).

> The expected number of events in this interval is equal to A.

(Easiest way to see this?)



Example: visualizing the Poisson distribution (A = z = 3.2)
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Example: visualizing the Poisson distribution (A = A = 3.2)

A~
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Example: the Poisson likelihood

> Likelihood function, reversing the roles of the parameter and values in
the expression of the probability mass function:

L() = pea(z| 1) = A% exp(-A).
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Example: the Poisson likelihood

> Likelihood function, reversing the roles of the parameter and values in
the expression of the probability mass function:

L() = pea(z| 1) = A% exp(-A).

» jid assumption: samples are independently and identically distributed

» Likelihood function for multi-sample sequence: (Explicit expression?)

N
Lo(A) = p(a| ) = [] pes(ai | A)
i=1

1

T ')\Ni exp(—N)).
i=1 41°

N
= H Ll’i()\) =
=1



Example: the Poisson likelihood

> Likelihood function, reversing the roles of the parameter and values in
the expression of the probability mass function:

L() = pea(z| 1) = A% exp(-A).

» jid assumption: samples are independently and identically distributed

» Likelihood function for multi-sample sequence: (Explicit expression?)
N
Ly(A) = p(z| A) = ] pes(zi | A)
i=1
N 1 )
=[[ Zo.(») = AVZ exp(—NN).

i — TN
i=1 [1:5 !

» Maximum likelihood estimate A = . (Can you quickly derive this?)



Example: the Poisson likelihood

>

v

v

v

v

Likelihood function, reversing the roles of the parameter and values in
the expression of the probability mass function:

L() = pea(z| 1) = A% exp(-A).

iid assumption: samples are independently and identically distributed
Likelihood function for multi-sample sequence: (Explicit expression?)

N

Ly(A) = p(z| A) = ] pes(zi | A)
i=1
N 1
N3
=I[ LZa:(M) = N exp(=NA).

i=1 [Tz !
Maximum likelihood estimate X =1z (Can you quickly derive this?)
Fixing N, the sample mean z is a sufficient statistic

(La(A) = fv (A, T) ().



Example: visualizing the Poisson distribution (A = A = 3.2)
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Example: heuristic 90% confidence-based imprecise model

0.3 -
0.1 - - - - - =
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0 1 2 3 4 5 6 7 8 9 z
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Example: Bayesian parametric inference

» Assume given, before observing any samples, a prior probability
distribution over the possible parameter values, with probability
density p(A) for all A > 0.
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We obtain the (parametric) posterior density function p(- | z).
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distribution over the possible parameter values, with probability
density p(A) for all A > 0.

» Given an observation z, we can update the prior by conditioning
using Bayes's rule for density functions:

p(A[z) o< Le(A)p(A).

We obtain the (parametric) posterior density function p(- | z).

Refresher exercise for (standard) Bayes's rule: Given a uniform prior probability mass function
for A € {2,4}, the expression for the posterior probability of A\ = 2 is of the form Give
the expression for g.
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Example: Bayesian parametric inference

» Assume given, before observing any samples, a prior probability
distribution over the possible parameter values, with probability
density p(A) for all A > 0.

» Given an observation z, we can update the prior by conditioning
using Bayes's rule for density functions:

p(A[z) o< Le(A)p(A).

We obtain the (parametric) posterior density function p(- | z).

Refresher exercise for (standard) Bayes's rule: Given a uniform prior probability mass function
for A\ € {2,4}, the expression for the posterior probability of A = 2 is of the form Give
the expression for g.

_1
14+g(z) "

Answer: g(z) = 2% exp(—2).
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» General priors: posterior difficult to obtain in closed analytic form.
» Mathematical convenience: use conjugate priors.
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p(A @) o La(A)p(X) oc AVT exp(—NA)p(A).
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(Now calculate the normalization factor.)



Example: Conjugate Bayesian inference — the prior

» General priors: posterior difficult to obtain in closed analytic form.
» Mathematical convenience: use conjugate priors.

Derivation of conjugate prior for the Poisson likelihood:
p(A @) o La(A)p(X) oc AVT exp(—NA)p(A).
So take p(A) ox A* exp(—bA).

Normalization? Gamma integral for r > 0 and k£ € N: (Write this down!)
o0 r 1
I(r) = / 1 exp(—t)dt, w =7, k' =T(k+1).
0 I(r)

So, for notational convenience, take a =a+1>0and S =5b> 0.

(Now calculate the normalization factor.)

The Gamma distribution is conjugate to the Poisson likelihood; its density:

Pea(A 0. ) = s\ exp(=6).




Example: Conjugate Bayesian inference — the prior

» General priors: posterior difficult to obtain in closed analytic form.
» Mathematical convenience: use conjugate priors.

Derivation of conjugate prior for the Poisson likelihood:
p(A|z) o¢ Ly(A)p(A) o< ANT exp(=NA)p(A).
So take p(\) < A% exp(—bA).

Normalization? Gamma integral for r > 0 and k£ € N: (Write this down!)
e r 1
I(r)= / t" L exp(—t)dt, Lir+1) =, k' =T(k+1).
0 I'(r)

Now, for notational convenience, take s = 8 > 0 and mean t = % > 0.

The Gamma distribution is conjugate to the Poisson likelihood; its density:

st
pGa(A ’ 57 t) =

st—1 o
T (st) AT exp(—sA).



Example: visualization of Gamma prior (s =1, t = 5)
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Example: visualization of Gamma prior (s = 5, ¢
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Example: Conjugate Bayesian inference — the posterior
Derivation of the posterior probability density function’s expression:

p(A[z) o< La(A)pea(Al s, 1)
oc ANV exp(—= NA)A L exp(—s))

= AVEF=Loxp(—(N + 5)))



Example: Conjugate Bayesian inference — the posterior
Derivation of the posterior probability density function’s expression:

p(A[z) o Le(N)pea(A| s, t)
oc ANV exp(—= NA)A L exp(—s))

= Nz t
= ANVEFS=L oxp(— (N 4 5)\) o pea ()\ ’ N +s, TESs )

N+ s



Example: Conjugate Bayesian inference — the posterior
Derivation of the posterior probability density function’s expression:
p(A]z) o< Ly(N)pea(A| s, 1)
o AVZ exp(—= N X)X L exp(—s))
. Nz + st
= AV exp(— (N + 5)A ()\‘N )
exp(—(N + 5)A) o pea AL o
Conjugate nature:
» Prior and posterior distribution belong to the same family.
» Parameters are easy to update: sum of pseudocounts and sample

counts, mixture of prior mean and sufficient statistic.

Nz+st

» Posterior mean Nt -




Example: Conjugate Bayesian inference — the posterior
Derivation of the posterior probability density function’s expression:
p(A]z) o< Ly(N)pea(A| s, 1)
o AVZ exp(—= N X)X L exp(—s))
. Nz + st
= AV exp(— (N + 5)A ()\‘N )
exp(—(N + 5)A) o pea AL o
Conjugate nature:
» Prior and posterior distribution belong to the same family.
» Parameters are easy to update: sum of pseudocounts and sample

counts, mixture of prior mean and sufficient statistic.

Nz+st
N+s

Expectation of a function f of the parameter A?

» Posterior mean

[e'e) 3@% 9] -
/ SO 3D = s | FOONE exp(—(N + 3)2)00

(For which f is this ‘straightforward’?)



Example: visualization of Gamma posterior (s =1, t = 5)
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Example: visualization of Gamma posterior (s =5, t = 5)
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Example: Conjugate imprecise probabilistic inference

» Hard to justify a single prior, so use a set of priors.

» Mathematical convenience: use conjugate priors.



Example: Conjugate imprecise probabilistic inference

\4

Hard to justify a single prior, so use a set of priors.

v

Mathematical convenience: use conjugate priors.

v

How do we generate such a set: varying parameters s and ¢ in some
subset of the possible values.
» Here:

> keep s fixed — interpret as a learning rate,
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Example: Conjugate imprecise probabilistic inference

\4

Hard to justify a single prior, so use a set of priors.

v

Mathematical convenience: use conjugate priors.

v

How do we generate such a set: varying parameters s and ¢ in some
subset of the possible values.
» Here:

> keep s fixed — interpret as a learning rate,
> vary t — so uncertainty about the prior mean.

Set of probability density functions:
{pGa()“gv%) e [Lﬂ}

(Can you easily calculate the lower and upper probability density functions?)

(Which deductive inferences are ‘straightforward’ to calculate?)

> Set of values for ¢ must be bounded in the direction to learn in.



Example: Visualiz. of Gamma priors (s = 1, ¢ € [2, 8])
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Example: Visualiz. of Gamma posteriors (s = 1, t € [2,8])
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Example: Visualiz. of Gamma priors (s = 5, ¢ € [2, 8])
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Example: Visualiz. of Gamma posteriors (s = 5, t € [2,8])
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Example: Parametric to predictive inference — joint

» Given is a conjugate parametric model.

» We wish to do predictive inference:
inference about a sequence y of M unseen observations.
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Example: Parametric to predictive inference — joint

» Given is a conjugate parametric model.

» We wish to do predictive inference:
inference about a sequence y of M unseen observations.

> In case the parameter )\ is known, then by the iid assumption we
know the joint probability mass function

y|)‘ HpPs yz’)\

» But we are uncertain about \.

» Assume a precise (prior or posterior) conjugate model, i.e., a density
pGa()‘ | s, t)'
» The joint density’s expression is

p(y, A15,8) = p(y| N pea(X]3, 1)
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Example: Parametric to predictive inference — marginal
Deriving the predictive mass function: marginalize to y, so integrate out A:

plsd) = | (| Vp(A] 3 D)dA

_ /OOO L,(\)p(A |3 H)dA

1 ¥ T(M 7o My + 51
s _D(My +51) / p<A’M+§,y+f)dA
[Tz 1yz'F( )( )My+3t 0 M+3

B P(M@Jrs%)( 3 )gz 1
TGO, ! \M +3/) (M +35)M

(What is the explicit expression for the posterior?)

p <Ll/

Nip+sz,> (1\/z/+/\r+s/) < N+s >A\“'ﬂ+\’f 1
(

N + s, - =
N+ s [(NZ + st) H =L vl f\\M+ N+ s M + N + s)My




Example: Parametric to predictive inference — marginal
Deriving the predictive mass function: marginalize to y, so integrate out A:

plsd) = | (| Vp(A] 3 D)dA
_ /OOO L,(\)p(A |3 H)dA

1 #®t T(My4+3) [ My + 51
S T ;{+§>~~/ p<A’M+§7W)dA
T2, yi! T(3t) (M + 3)Mu+st Jo M +5

B P(My+§%)< 3 )éz 1
TGO, v \ M +3) (M +3)My

(What is the explicit expression for the posterior?)

er+51,>7 I'(My+ Nz + st) < N +s >A\'-"f+" 1
r (

N + s, - -
N +s (NZ + st) H}ll yd \M + N+ M+ N + s)My

p <Ll/

Using this mass function requires numerical computations in general.




Example: Parametric to predictive inference — immediate

Immediate prediction is inference about one unknown observation (e.g.,
the next one), so M = 1:

r(z+§i)( 3 )t 1
n 145

['(5t)2! (14 3)*



Example: Parametric to predictive inference — immediate

Immediate prediction is inference about one unknown observation (e.g.,
the next one), so M = 1:




Example: Parametric to predictive inference — immediate

Immediate prediction is inference about one unknown observation (e.g.,
the next one), so M = 1:

I( +5i)( 3 >§Z(1_:g)z

(2431 <1 1 )st( 1 )Z
B z 1+3) \1+3)°

This is the negative binomial distribution:
1
1+3
» the possibly non-integer number of ‘failures’ 5t
that determine when sampling is stopped

> the probability of ‘success’:



Example: Parametric to predictive inference — immediate

Immediate prediction is inference about one unknown observation (e.g.,
the next one), so M = 1:

I( +3i)< 3 )32(1_:@2

(z+5t-1 <1 1 )st( 1 )Z
B z 1+35) \1+3/ "

This is the negative binomial distribution:
1
1+3
» the possibly non-integer number of ‘failures’ 5t
that determine when sampling is stopped

> the probability of ‘success’:

(Interpretation in terms of number of arriving mails?)



Example: Parametric to predictive inference — immediate

Immediate prediction is inference about one unknown observation (e.g.,
the next one), so M = 1:

I( +3i)< 3 )32(1_:@2

(z+5t-1 (1 1 )st( 1 )Z
B z 1+35) \1+3/ "

This is the negative binomial distribution:
1
1+3
» the possibly non-integer number of ‘failures’ 5t
that determine when sampling is stopped

> the probability of ‘success’:

(Interpretation in terms of number of arriving mails?)

(What is the mean?)



Example: Visualiz. of negative binomial prior (s =1, t = 5)

A~

0.3 1 -
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oF e j bt | e . T
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Example: Visualiz. of neg. binomial posterior (s = 1, t = 5)

0.3 1 —_
0.2 1 - -— - _ —_
o1y — - - T = = =
()ﬂ.= " f P ¢ - - == E
0 1 2 3 4 5 6 7 8 9
1__
—_—
—
]
0.5 1
0 : Fo— ¢ : A
0 1 2 3 4 5 6 7 8 9



N

Example: Visualiz. of negative binomial prior (s =5, ¢
0.3 1 —
024 — = _ =
0.11 - - -
0=+ - = oO——& 1 e e
o 1 2 3 4 5 6 7 8
17 [ —
0.5 1
0 } b —— } } !
0 1 2 3 4 ) 6 7 8

5)



Example: Visualiz. of neg. binomial posterior (s =5, t =
0.3 1
021 — - - =
01t — = - -
0+ : : 1O—O L S : T = f
0 1 2 4 ) 6 7 8 9
Ly |
AI_;
0.5 1
0 j Fo— ¢ | : A
0 1 2 4 ) 6 7 8 9
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Example: imprecise-probabilistic predictive inference

Set of probability mass functions:

{p(yl5,1) et}



Example: imprecise-probabilistic predictive inference

Set of probability mass functions:

{pyl5,1): teltf}

(Can you easily calculate the lower and upper probability mass functions?)

(Which deductive inferences are ‘straightforward’ to calculate?)



Example: Visualiz. of neg. binomial priors (s = 1, ¢t € [2,8])

0.3 1 -
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Example: Visualiz. of neg. binom. post's (s =1, ¢t € [2,8])

0.3 1 -
024+ — L 4 -
4 % $ ‘
01t @ 3 <
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Example: Visualiz. of neg. binomial priors (s = 5, ¢t € [2,8])

0.3 1 -
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Example: Visualiz. of neg. binom. post's (s =5, ¢t € [2,8])

0.3 —_—
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¢ 3 L4 S )
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Exercise



Exercise: Data

Gert labels some emails he receives as interesting (I). We label the others
with a U.
Within a busy hour, he gets

I U U U I I I U U I



Exercise: Data

Gert labels some emails he receives as interesting (I). We label the others
with a U.
Within a busy hour, he gets

I U U U I I I U U I

1. Number of samples N? Order statistics? Count and frequency vectors
n=(nr,ny) and f = (f1,fu)?

2. Write down the lower and upper probability values for I (and U)
resulting from the NPI reasoning.

3. Write down the expressions for the lower and upper probability values
for I (and U) produced by e-contaminating the frequency vector.

What are the values obtained by choosing ¢ values that correspond
to 1 and 5 pseudocounts, respectively. Compare with the NPl model.



Exercise: Sampling model

Bernoulli process, iid ‘flips of a coin’ with chance ¥ of receiving an
interesting mail:
Y z=1
z 19 — b )
pBr( | ) {1 9, 2=1U.

(To symmetrize, use (07,0y) = (9,1 —9).)



Exercise: Sampling model

Bernoulli process, iid ‘flips of a coin’ with chance ¥ of receiving an
interesting mail:

19, z=1,
1-9, z=U.

(To symmetrize, use (07,0y) = (9,1 —9).)

pBr(z | 19) = {

Qualitative difference in expressiveness as compared to Poisson case?
Likelihood function? For sequence of N samples?
Maximum likelihood estimate ?

B e =

Fixing N, what possibly vectorial quantities are sufficient statistics?
Which of these are of minimal dimension?



Exercise: the conjugate distribution

The conjugate distribution for binomial sampling is the Beta distribution

for which the the following expression (with u > 0, v > 0) allows us to
compute the normalization factor:

/01 tu_l(l _ t)v—ldt — F(U)F(U)



Exercise: the conjugate distribution

The conjugate distribution for binomial sampling is the Beta distribution,
for which the the following expression (with u > 0, v > 0) allows us to
compute the normalization factor:

/01 tu_l(l _ t)v—ldt — F(U)F(’U)

1. Derive the expression for the density function of the conjugate
distribution, both in terms of ‘mathematical’ parameters a and 5 and
in terms of counts s and mean vector ¢t = (t7, ty), with t; =1 — ty.

2. What are the posterior parameters as a function of s, ¢, N, and f7?
3. Visualize the priors and posteriors for:

Laplace prior: s =2, t; = %;

Haldane prior: s = 0;

Jeffrey prior: s=1, t = %;

Imprecise prior: s =1, ¢ € [0,1];

Imprecise prior: s =5, ¢ € [0, 1].

v

vV vy VvYy

Discuss what you see, especially the impact of s.



Example: visualization of Laplace prior (s =2, t; =

2.5
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Example: visualization of Laplace posterior (s =2, t; =

A~
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Example: visualization of Haldane prior (s = 0)
2.5;; *
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1.5 1
1 1
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Example

A~
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. visualization of Haldane posterior (s = 0)
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Example: visualization of Jeffrey prior (s =1, t; =

2.5

2+

1.5

1+

0.5
0

1+

0.5 7

A~

0

A~

0.2

0.4

0.2

0.4

N[

0.6

0.8

0.6

0.8



Example: visualization of Jeffrey posterior (s =1, t; =

2.5
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Example: Visualization of Beta priors (s = 1, #7 € [0, 1])
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Example: Visualization of Beta post's (s = 1, t; € [0, 1])
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Example: Visualization of Beta priors (s = 5, #7 € [0, 1])




Example: Visualization of Beta post’s (s = 5, t; € [0,1])
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Exercise: from parametric to predictive inference
The conjugate predictive distribution for binomial sampling is the

Beta-binomial distribution, whose expression can be written somewhat
compactly using generalized binomial coefficients (7 > 0 and k£ > 0):

kE+r—1\ T(k+r)
OEID(r)

r



Exercise: from parametric to predictive inference

The conjugate predictive distribution for binomial sampling is the
Beta-binomial distribution, whose expression can be written somewhat
compactly using generalized binomial coefficients (r > 0 and k£ > 0):

k4+r—1\ T(k+r)
r OEID(r)
1. Derive the expression of the Beta-binomial probability mass function,
both in prior and posterior versions.

2. Write down the expression for the posterior Beta-binomial probability
mass function for immediate prediction and simplify it using
properties of the Gamma function. Compare the result with the
expressions obatained for the NPl model and linear-vacuous model.

3. If s=5and t € [0, 1], what are the prior and posterior probability
intervals for the event that the next two observations are both
interesting?



Symmetry considerations



The framework

We are uncertain about something: the value that a variable X assumes in
a finite set X.

The models we will use are coherent lower previsions P, or equivalently,
convex closed sets M of mass functions p—also called credal sets.



Mass functions

A (probability) p on X is a real-valued map on X’ such that
(Vz € X)p(z) >0 and Z p(z) = 1.
z€EX

We denote the set (simplex) of all mass functions on X by ¥ y.

With a mass function p there corresponds an E,
defined on the set £(X') of all gambles on X

E,(f) = Z p(z)f(z) for all f: X — R.

zeX



Lower and upper previsions

A

following properties:
1. P(f) > minf for all f € L(X)
2. P(f+g) > P(f) + P(g) for all f,g € L(X)

3. P(\f) = AP(f) for all f € L(X) and all real A >0
homogeneity]

on L(X) is a map L(X) — R with the

[bounds]
[super-additivity]

[non-negative

Its is defined by

P(f) = —P(—f) for all f € L(X).



Credal sets

With a convex closed set M of mass functions, we can construct a
coherent lower prevision and the conjugate upper prevision on L(X') by

P(f) =min{E,(f) :pe M} forall f: X - R
P(f) = max{E,(f) : pe M} forall f: X = R.

Conversely, with a coherent lower prevision P there corresponds a convex
closed set of mass functions, given by
M:={peXx: (Vf € L(X))Ey(f) = E(f)}-

A precise model is a singleton M = {p} and the associated lower
prevision is the (self-conjugate) expectation operator E,:

Ey(—f) = —E,(f) for all f € L(X).



Symmetry

Symmetry is typically modelled by considering a collection of
transformations of the space of interest.

Something is considered to be symmetrical when it is left unchanged by
these transformations.



Symmetry groups

We will focus on a ‘P of permutations w of X', meaning that:

=

BN

mome € P forall m,mp € P [internality]
71 0 (mg 0 m3) = (m 0 ma) o w3 for all w1, 7o, w3 € P [associativity]
moid =idorn for all m € P [neutral element]
For all 7 € P there is some 7! € P such that

1 lor=id [inverse]

TOoOmM ~ =T



Running example: permutations

We flip a coin twice, and the uncertain outcome X is an element of the
finite set X = {HH,HT, TH, TT}.

The symmetry we consider is that the order of the observations does not
matter, which leads us to identify HT with TH.

P ={id, w},
where w is the permutation defined by

HH HT TH TT
HH TH HT TT)

This a group, with @w? = wow =id, so w™ ' = w.



Lifting

Our uncertainty models involve gambles, so we need a way to let
permutations act on gambles.

This is done by
nlf .= fom forany T € P,

meaning that
(7'f)(z) = f(mx) for all z € X.



Running example: lifting

For the gamble
f=2Lun rry — L{ur, THY

and for the gamble

9 = Itun ury — 3Ly, 71},



Running example: lifting

For the gamble
f =2k rry — Lur,THY

we see that w!f = f—we call this gamble permutation invariant.

and for the gamble
9 = Itun ury — 3Ly, 71},
the permuted gamble is

@' = Ign,riy — 3Liur, 1y



Invariant gambles and events

A gamble f is if it is left unchanged by the
permutations, so

7'f = f or equivalently f o = f for all 7 € P.

An event A C X is permutation invariant if its indicator I, is:

(Vx € A)mz € A or equivalently w(A) = A, for all m € P.



Invariant atoms

The smallest invariant sets are the so-called

[z] == {mz: 7 € P},

which constitute a partition of X.
We denote the set of all invariant atoms by Ap.

A gamble is permutation invariant if and only if it is constant on the
invariant atoms.

So a permutation invariant gamble is completely determined by the values
it assumes on the invariant atoms.



Running example: invariant atoms and gambles

The invariant atoms are



Running example: invariant atoms and gambles

The invariant atoms are

[HH] = {HHY} and [HT] = [TH] = {HT, TH} and [TT] = {TT}.

The permutation invariant gambles are



Running example: invariant atoms and gambles

The invariant atoms are

[HH] = {HHY} and [HT] = [TH] = {HT, TH} and [TT] = {TT}.

The permutation invariant gambles are the ones that are constant on

[HT| = [TH) = {HT, TH} and therefore give the same value to HT and
TH.



Symmetrical models: (weak) invariance

The uncertainty models M and P are symmetrical: (weakly)
under the permutations in P:

(Vf € L(X))P(f) = P(r'f) or equivalently P = Por', forallmcP
and this is equivalent to

(Vp e M)r'p € M for all 7 € P,

where wlp == por.



Symmetrical models: (weak) invariance

The uncertainty models M and P are symmetrical: (weakly)
under the permutations in P:

(Vf € L(X))P(f) = P(r'f) or equivalently P = Por' forallmcP
and this is equivalent to
(Vp € M)wlp € M for all T € P,

where 7lp = por.

A precise model M = {p}, or equivalently, a self-conjugate lower prevision
(expectation operator) E,, is therefore invariant if and only if

7'p = p or equivalently E, o 7" = E,, for all 7 € P.



Running example: weak invariance

Consider the mass functions

1 1 1 1
= gI{HH,HT} + EI{TH,TT} and pg = gI{TH,HH} + gI{HTvTT}



Running example: weak invariance

Consider the mass functions
1 1 1 1
p1 = gI{HH,HT} + EI{TH,TT} and py == gI{TH,HH} + EI{HT,TT}
Observe that w!p; = ps and consequently also w'ps = p1, so these
precise models are not permutation invariant with respect to P.

The credal set

My ={ap1+ (1 —a)p: a€0,1]}



Running example: weak invariance

Consider the mass functions

1 1 1 1
D1 = gI{HH,HT} + gI{TH,TT} and py = gI{TH,HH} + gI{HTvTT}

Observe that w!p; = ps and consequently also w'ps = p1, so these
precise models are not permutation invariant with respect to P.

The credal set
My = {ap1 + (1 —a)pz : @ € [0, 1]}
is permutation invariant, because

wt[apl +(1—a)p] = aw'p + (1 — @)w'py = apy + (1 — a)py € M.



Strong invariance: motivation

The subject believes that the ‘mechanism generating the observations of
the variable X is symmetrical’.

Consider any gamble f.

If the subject believes there is this symmetry, he will be
between f and its permutations w’f, for all 7 € P.

He is willing to exchange f for wf when paid any positive amount of
utility € > 0:
P(r'f —f+¢€) >0 forall e >0,



Strong invariance: criterion

Requirement for strong invariance (with respect to P):

P(r'f —f) = P(rx'f —f) =0 forall f € L(X) and all 7 € P.

Equivalent to the following requirement for credal sets M:

(Yp € M)n'p = p, forall T € P.

So a lower prevision is strongly invariant if and only if it is a lower
envelope of (weakly and therefore strongly) invariant precise expectations.



Running example: strong invariance

The mass functions

1 1 1 1
p3 = §I{HH,TT} + EI{HT,TH} and py = gI{HH,TT} + gI{HT,TH}



Running example: strong invariance
The mass functions

1 1 1
p3 = gI{HH,TT} + EI{HT,TH} and py == EI{HH,TT} + gI{HT,TH}
are permutation invariant: w’ps = p3 and w'py = pa.

The credal set

My ={aps+ (1 —a)ps: a €[0,1]}



Running example: strong invariance
The mass functions
1 1 1
b3 = gI{HH,TT} + EI{HT,TH} and py = EI{HH,TT} + gI{HT,TH}
are permutation invariant: @w'p3 = p3 and w'py = py.
The credal set

My ={aps+ (1 —a)ps: a €[0,1]}

is strongly permutation invariant, because

w'laps + (1 —a)ps] = aw'ps + (1—a)w'py = aps + (1 — a)ps.



Running example: independent strongly permutation
invariant models

The independent and permutation invariant precise models are given by



Running example: independent strongly permutation
invariant models

The independent and permutation invariant precise models are given by

pr = Iy + (L= 1) g vy + (L= 1) Iippy, for e [0,1].

This implies that, for instance, the credal set
MTlJ’z = {O‘prl + (1 - Oz)pm RS [07 1]}

is strongly independent and permutation invariant, for any choice of
T, € [0, 1].



The indifferent gambles

Consider the following linear subspace:

Ip =span({r'f —f: f € L(X) and 7 € P}).

P is strongly invariant if and only if
P(g) = P(g) =0 for all g € Ip,

so we can see Zp as the linear subspace of gambles: the
gambles that the subject judges to be equivalent to the zero gamble.



The permutation invariant gambles

The linear subspace of permutation invariant gambles
Lp(X)={fecL(X): (VreP)r'f=f}

is the set of all gambles that are constant on the invariant atoms.

They are completely determined by the values that they assume on these
invariant atoms, and the dimension of this space Lp(X) is therefore the
same as the dimension of the linear space L(Ap) that is linearly
isomorphic to it, and therefore equal to the number of invariant atoms.

This is generally smaller than the dimension |X'| of the original space
L(X): typically, the more permutations there are in P, the fewer invariant
atoms there are.



Running example: indifferent and invariant gambles
The subspace of indifferent gambles is given by:



Running example: indifferent and invariant gambles
The subspace of indifferent gambles is given by:
Ip = {A(I{HT} - I{TH}) tAE R},

and is one-dimensional.

The subspace of permutation invariant gambles is given by:



Running example: indifferent and invariant gambles
The subspace of indifferent gambles is given by:
Ip = {A(I{HT} - I{TH}) tAE R},
and is one-dimensional.
The subspace of permutation invariant gambles is given by:
Lp(X) = {MIamy + Melirm ary + Aslirry M1, A2, Az € R},

and has dimension 3.



Running example: indifferent and invariant gambles
The subspace of indifferent gambles is given by:

Ip = {A(I{HT} - I{TH}) tAE R},
and is one-dimensional.

The subspace of permutation invariant gambles is given by:

Lp(X) = {MIamy + Melirm ary + Aslirry M1, A2, Az € R},

and has dimension 3.
Observe that Zp N Lp(X) = {0}, and that

Lp(X)+Ip



Running example: indifferent and invariant gambles
The subspace of indifferent gambles is given by:

Ip = {A(I{HT} - I{TH}) tAE R},
and is one-dimensional.
The subspace of permutation invariant gambles is given by:
Lp(X) = {MLgmy + Nolirm ary + Aslirry © M, A2, A3 € R,

and has dimension 3.
Observe that Zp N Lp(X) = {0}, and that

Lp(X)+Ip
= {MLum + NeLrg ary + Aslirry + M ary — Lirmy) @ A A1, A2, A €1

= {)\II{HH} + ()\2 — )\)I{TH} + ()\2 + )‘>I{HT} + )‘3I{TT} A AL A2, A3 €R
— £(X).



The projection operator

Consider the following operator invp, which maps any gamble to the
uniform average of all its permutations:

1
P

Zﬂ'tf.

TeP

invp f =

This is a linear transformation of £(X) that satisfies the following
properties:

t t

1. invpon’ =invp = w* oinvp for all 7 € P [permutation invariance]
2. invp oinvp = invp [projection]
3. kern(invp) = Zp [kernel]

4. rng(invp) = Lp(X) [range]



The uniform distributions over the atoms

The permutation invariant gamble invp f is constant on the invariant
atoms.

The constant value it assumes there can also be written as:

(invp f)(z |P|Zf |Zf y) = U(f|[z]) for all z € X,

TeP

which is the expectation associated with the uniform distribution over the
atom [z].

We can see U as a linear map taking gambles f on X’ to the
corresponding gambles U(f|-) on Ap:

U: LX) — L(Ap), where U(f)([z]) = U(f = 1]

=



Strong invariance representation theorem

Any gamble f can be decomposed uniquely into a permutation invariant
part and an indifferent part:

f=1ivp [ +f—invpf
—_——  —
Eﬁp(){) €lp

and using coherence, we derive from this that

P(invp f) + P(f — invp f) < P(f) < P(invp f) + P(f — invp f).
=0 =0

Theorem (Strong Invariance Representation Theorem)
A coherent lower prevision P is strongly invariant with respect to P if and
only if any (and hence all) of the following equivalent statements holds:
1. P=Poinvp,
2. There is a coherent lower prevision Q) on L(Ap) such that
P=QoU.



Strong invariance representation theorem

invp

L(X) Lp(X)
QoU=P v Cp
R L(Ap)

|



Running example: representation

With P = {id, @}, we have invp = $(id +w'), and therefore

invp h(z) =



Running example: representation

With P = {id, @}, we have invp = $(id +w'), and therefore

h(HH) if 2 = HH
invp h(z) = h(TT) ifx=TT
h(HT)+ h(TH)

5 ifc=HT orx= TH.

All permutation invariant expectation operators have the following form:

h(HT) + h(TH)

Fy(h) = h(HH)a([HH]) + =

g([HT)) + M(TT)q([TT]),

where ¢ is any mass function on Ap.



Exchangeability and its
consequences



What is exchangeability?

We consider a

X17X27X37“'7XTL7'”€X

A subject calls these variables if he decides that the
inferences and decisions he makes about these variables will not
dependent on the order in which these variables are observed.

Here: special case that X = {H, T'}, but the extension to more general
cases is straightforward.



The set of possible outcomes

Let us first look at a finite number n of coin flips.

The uncertain outcomes in this situation are now sequences of H and T
of length n.

The set of possible outcomes = = (x1,...,2,) is

X" ={(x1,...,2,) . € {H, T}}



Running example: possible outcomes

Let us look at the case n = 3.

The possible outcomes z are:

HHH HHT HTH HTT THH THT TTH TTT,

and all these outcomes make up the set of possible outcomes {H, T}3.



The group of permutations

The subject’s assumption that the order of observations will not matter
leads us to consider the following type of symmetry.

Consider all permutations 7 of the index set {1,2,...,n}.

We can use these permutations to turn a sequence of observations
z = (z1,22,...,%,) into a permuted sequence of observations:

7T = (Zr(1), Tr(2)s - - - » Lr(n))-

This allows us to define a permutation group P, on X'™.



Running example: the permutations
The 3! = 6 possible permutations of the index set {1, 2,3}, and their
actions on the sequence HTH are:

(33 e
(; ? g) HTH
(; ’ 3) HTH
(33 e
(; ? g) HTH
(331 o
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Running example: the permutations
The 3! = 6 possible permutations of the index set {1, 2,3}, and their
actions on the sequence HTH are:
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Running example: the permutations
The 3! = 6 possible permutations of the index set {1, 2,3}, and their
actions on the sequence HTH are:

(33
(373) e
(b3%) e o
(33w
<; ? g) HTH — THH
(331 o



Running example: the permutations

2 3
3 21

corresponds the following permutation of the set of possible observations
{H, T}

With the permutation m = of the index set {1,2,3} there

HHH — 7(HHH)
HHT — w(HHT)
HTH — w(HTH)
HTT — 7(HTT)
THH — n(THH)
THT — n(THT)
TTH — n(TTH)
TTT — n(TTT)

TTH) =
TTT) =

and we will also denote this permutation by 7.
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2 3

. . 1
With the permutation 7 = of

3 21

the index set {1, 2,3} there

corresponds the following permutation of the set of possible observations

{H, T}

HHH — 7(HHH)
HHT — w(HHT)
HTH — w(HTH)
HTT — 7(HTT)
THH — n(THH)
THT — n(THT)
TTH — n(TTH)

(TTT)

TTH
TTT — w(T

TT

HHH

and we will also denote this permutation by 7.



Running example: the permutations

2 3
3 21

corresponds the following permutation of the set of possible observations
{H, T}

With the permutation m = of the index set {1,2,3} there

HHH — 7(HHH)
HHT — w(HHT)
HTH — w(HTH) =
HTT — n(HTT) =
THH — 7(THH) =
(THT) =
(TTH) =
(TTT) =

HHH
THH

THT — m(THT
TTH —» 7
TTT — 7

TH

T
TTT

and we will also denote this permutation by 7.



Running example: the permutations

. . 1 2 .

With the permutation m = 3 9 i’) of the index set {1,2,3} there
corresponds the following permutation of the set of possible observations
{H, T}

HHH — n(HHH) = HHH
HHT — w(HHT)= THH
HTH — n(HTH) = HTH

(

(HHT)
(HTH)
HTT — n(HTT)
THH — 7(THH)
THT — 7(THT)
TTH — 7(TTH)
TTT — 7(TTT)

TH
TT

T —
T —

and we will also denote this permutation by 7.
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Running example: the permutations

2 3
3 21

corresponds the following permutation of the set of possible observations
{H, T}

With the permutation m = of the index set {1,2,3} there

HHH — n(HHH) = HHH
HHT — n(HHT) = THH
HTH — n(HTH) = HTH
HTT — n(HTT) = TTH
THH — n(THH) = HHT
THT — 7(THT) = THT
TTH — n(TTH) = HTT
TTT — n(TTT) = TTT,

and we will also denote this permutation by 7.



Running example: invariant atoms

The invariant atoms are



Running example: invariant atoms

The invariant atoms are

[HHH] =
[HHT| = [HTH] = [THH] = {HHT, HTH, THH}
[HTT] = [THT)| = [TTH] = {HTT, THT, TTH}
[TTT] = {TTT}

so there are four invariant atoms.



Running example: invariant atoms

The invariant atoms are

[HHH] = {HHH } myg =3 and mp =0
[HHT| = [HTH] = [THH] = {HHT, HTH, THH} my =2 and mp = 1
[HTT) = |THT) = [TTH] = {HTT, THT, TTH} my =1 and mg = 2
[TTT) = {TTT} my =0 and my = 3

so there are four invariant atoms.



Counting

The invariant atoms are completely determined by their
m = (mg, mgy).

C: X" - N,
with
C(z)g = |{k : 2y = H}| = number of heads in the sequence z
C(z)r = |{k: 2 = T}| = number of tails in the sequence z
and

Ny = {(mg,mr) € NG : mg + mp = n}.

All elements of an atom [z] have the same count vector m = C(z), and
are completely determined by it:

[z] ={y e X" : C(y) = C(2)}

so we also use the notation [m].



Counting

The number of elements in this atom is equal to the number of possible
permutations of z, and therefore given by

= (" ) = (o) = e
mg mr mpy my!m7p!



Running example: counting

The invariant atoms are

((3,0)] = {HHH)} has @ — 1 element
(2,1)] = {HHT, HTH, THH} has @ — 3 elements
(1,2)] = {HTT, THT, TTH)} has G’ — 3 elements
[(0,3)] = {TTT} has (3) — 1 element

and the set of invariant atoms is in a one-to-one correspondence with the
set of count vectors

NS = {(370)7 (27 1)7 (17 2)7 (07 3)}



The projection operator

What are, in this case, the projection operator invp, and the related
uniform average expectation operator U?

U(flm ( ) >y
y€[m]




The projection operator

What are, in this case, the projection operator invp, and the related
uniform average expectation operator U?

U(flm ( ) > fly) = Hy(f|m).
y€[m]

This is the expectation operator associated with the

Independently taking balls, without replacement, from an urn whose
composition is determined by the count vector m; so there are in total n
balls, myg of which are of type ‘heads’ and my of which of type ‘tails’.



Finite exchangeability representation theorem

We call a lower prevision P on the sequences in X" if it is
strongly invariant with respect to the permutations in P,.

Our permutation invariance representation theorem now turns into Bruno
de Finetti’s Representation Theorem for finite exchangeable sequences.

Theorem (de Finetti's Finite Representation Theorem)

A coherent lower prevision P, on L(X™) is exchangeable if and only if
there is some coherent lower prevision @ on L(N,,) such that
P,=Q oHy.



Finite exchangeability representation theorem

invp,

L(x™) Lp,(X")

fa
3



Running example: inference

What can we say about the probability that in a sequence of three
exchangeable coin flips, heads is followed by tails?

A={HTH,HTT, THT, HHT}.

Hy(14(3,0))
Hy(14](2,1))

Hy(14[(1,2))
Hy(141(0,3))
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What can we say about the probability that in a sequence of three
exchangeable coin flips, heads is followed by tails?

A= {HTH,HTT, THT, HHT}.
Hy(14/(3,0)) = La(HHH) = 0
Hy(1[(2,1))

Hy(14[(1,2))
Hy(141(0,3))

%(IA(HHT) + Ia(HTH) + Ly(THH)) = ;
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What can we say about the probability that in a sequence of three
exchangeable coin flips, heads is followed by tails?

A={HTH,HTT, THT, HHT}.

Hy(14/(3,0)) = La(HHH) = 0
Hy(14|(2,1)) = %(IA(HHT) + Io(HTH) + IA(THH)) = ;
Hy(I4|(1,2)) = é([A(TTH) T Iu(THT) + [,(HTT)) = %

Hy(141(0,3))



Running example: inference
What can we say about the probability that in a sequence of three
exchangeable coin flips, heads is followed by tails?

A= {HTH,HTT, THT, HHT}.
Hy(14[(3,0)) = In(HHH) = 0

Hy(I4|(2,1)) = - (La(HHT) + Li(HTH) + Is( THH) ) =

WM w| o



Running example: inference
What can we say about the probability that in a sequence of three
exchangeable coin flips, heads is followed by tails?

A={HTH,HTT, THT, HHT}.

Hy(14/(3,0)) = La(HHH) = 0
Hy(14|(2,1)) = %(IA(HHT) + Io(HTH) + IA(THH)) = ;
Hy(I4|(1,2)) = é([A(TTH) T Iu(THT) + [,(HTT)) = §

Hy(14[(0,3)) = Ia(TTT) = 0.

We only know that the sequence is exchangeable, so the representing lower
prevision is Qg = min, and it follows from the representation theorem that

P3(A) =minHy(l4) = min{O, ;} =0
2

?3(14) =max Hy(Iy) = max{O, %} = 3



Infinite exchangeability

Let us now consider an infinite sequence Xi, Xs,..., X, ... which our
subject assumes to be exchangeable, which means that all its finite
subsequences are assumed to be exchangeable.

In effect, this means that all the finite sequences
X, Xs,..., X, forall n € N

are assumed to be exchangeable.



Finite exchangeability representation theorem

For all n € N:

invp,

L£(X™) Lp, (X")

Ea



Binomial expectations and Bernstein polynomials

Consider flipping the same coin independently n times, where the
probability of heads on each coin flip is 6 € [0, 1].

The probability of observing a sequence with count vector m € N,, is

n

B (6) = ( >9mH(1 —gym,

mHy

By, is a polynomial on [0, 1] of degree n, called a
of degree n.



Binomial expectations and Bernstein polynomials

Consider flipping the same coin independently n times, where the
probability of heads on each coin flip is 6 € [0, 1].

The probability of observing a sequence with count vector m € N,, is

n

B (6) = ( >9mH(1 —gym,

mHy

By, is a polynomial on [0, 1] of degree n, called a
of degree n.

For a gamble g € L(N,,) on the counts m, its is

Mn(gl0) = > g(m)Bu(0),

meN,

a polynomial of degree at most n on [0, 1].



Running example: Bernstein polynomials

The probability of observing my heads and my tails in a run of n =3
coin flips, is

Bz 0)(0) =
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The probability of observing my heads and my tails in a run of n =3
coin flips, is

Bao)(0) = (2) 01— 0) =



Running example: Bernstein polynomials

The probability of observing my heads and my tails in a run of n =3
coin flips, is

3
Bz 0)(0) = <3> 6°(1-6)° = 6°
By (0) = (g) 0%(1 —0)' = 36%(1 — 0) = 36* — 36°
B(1,2) (0) =

Bo3)(0) =



Running example: Bernstein polynomials

The probability of observing my heads and my tails in a run of n =3
coin flips, is

3
Bz 0)(0) = <3> 63(1 —6)° =63
By (0) = (g) 0%(1 —0)' = 36%(1 — 0) = 36* — 36°
B2)(0) = (i’) (1 — 6)% = 30(1 — 20 + 62) = 30 — 66> + 36°

Bo3)(0) =



Running example: Bernstein polynomials

The probability of observing my heads and my tails in a run of n =3
coin flips, is

3

Bz 0)(0) = <3> 63(1—0)° =3

By (0) = (;’) 0%(1 —0)' = 36%(1 — 0) = 36* — 36°

B (0) = (i’) 0'(1 - 0)> = 30(1 — 20 + 6) = 30 — 66° + 36°
3

B g)(0) = (o) 0°(1—0)>=(1-0)>=1-30+36> -6,

which are all Bernstein basis polynomials of degree 3.



Running example: Bernstein polynomials

Any polynomial of degree 3
p(0) = a+ b0 + cb? + do>

can be written uniquely as a linear combination of these basis polynomials:

2b ¢ b
p=(a+b+c+d)Bszo +(a+ 3 + 5)3(2,1) + (a+ 5)3(1,2) + aBg3).-



Using polynomials rather than counts

For general n, the Bernstein basis polynomials B,,, m € N,, of degree n
constitute a basis for the linear space V,,(|0, 1]) of all polynomials of
degree at most n.
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degree at most n.

The multinomial expectation operator Mn turns any gamble g on the
counts in N, into a polynomial Mn(g) on [0, 1], where

Mn(glf) = g(m)Bu(0).
meNy,



Using polynomials rather than counts

For general n, the Bernstein basis polynomials B,,, m € N,, of degree n
constitute a basis for the linear space V,,(|0, 1]) of all polynomials of
degree at most n.

The multinomial expectation operator Mn turns any gamble g on the
counts in N, into a polynomial Mn(g) on [0, 1], where

Mn(gl0) = > g(m)Bu(9).

mENn

Because the Bernstein basis polynomials of degree n constitute a basis for
all polynomials of degree at most n, the map Mn is one-to-one—a linear
isomorphism, which preserves dimension.



Infinite exchangeability representation theorem

L(x™

R,oMnoHy=Q oHy=P,




Infinite exchangeability representation theorem

L(x") L(Nn)




Infinite exchangeability representation theorem

Theorem (de Finetti's Infinite Representation Theorem)

A coherent lower prevision P on |J,cy L(X™) is exchangeable if and only

if there is some coherent frequency lower prevision R on V([0,1]) such
that P = R o Hy o Mn.



Running example: inference
We want to find out about the probability of the event A—'heads followed

by tails in a run of three coin flips'—using the polynomial representation.
Recall that, with ¢ = Hy (1),

2 2
g(3,0) =0 and g(2,1) = 3 and ¢(1,2) = 3 and ¢(0,3) =0

and therefore the count gamble g corresponds to the polynomial

Mn(g|0) =
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We want to find out about the probability of the event A—'heads followed

by tails in a run of three coin flips'—using the polynomial representation.
Recall that, with ¢ = Hy (1),

2 2
g(3,0) =0 and g(2,1) = 3 and ¢(1,2) = 3 and ¢(0,3) =0

and therefore the count gamble g corresponds to the polynomial

Mn(g|6) = 23(271)(0)%3(1,2)(9) = %[302(1—0)+39(1—9)Q] =20(1-0).



Running example: inference

We want to find out about the probability of the event A—'heads followed

by tails in a run of three coin flips'—using the polynomial representation.
Recall that, with ¢ = Hy (1),

2 2
g(3,0) =0 and g(2,1) = 3 and ¢(1,2) = 3 and ¢(0,3) =0

and therefore the count gamble g corresponds to the polynomial

Mn(g|6) = 23(271)(0)%3(112)(9) = %[302(1—0)+39(1—9)Q] =20(1-0).

Because infinite exchangeability is all we have assumed, R = inf, and
therefore

P(4)

inf 20(1 —60) =0 and P(A) =
955,1}( ) and P(A)

= sup 20(1—10)
0€[0,1]
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