


notation

a real variable

T

(Pf — p)?

rf

|

the prevision of f
P: a prevision (expectation operator)
f: a gamble (bounded real function)



variance notation

the variance P(f— Pf)?
of f under P

T

(Pf —p)?+ Vef

Vpf

Pf



variance

the variance P(f —pu+p— Pf)?
of f under P

[

(Pf —p)?+ Vpf = P(f — p)?

lﬁﬁ=ﬁ£PU—uV

Pf :

the variance of f under P
as an optimization problem
(f — u)?: a gamble for every






notation

the credal set MP
has 3 extreme points

rf Pf

| |

the lower prevision of f  the upper prevision of f
P: a lower prevision P: the conjugate upper
prevision; Pf = —P(—f)



envelopes

P(f == max P(f - p)°

min_P(f — p)°

pPeMP




envelopes and a set

P(f == max P(f - p)°

{minP(f —u)? ’ Pe MB}

neER

P(f—w?= min P(f—p)°

pf Pf 8



Lower & upper variance notation

P(f = p)? = max P(f — p)’

PemMP
Vpf =minP(f - p)*
He {Vef | Pemp}
Vpf = minP(f - p)? P(f—p?= min P(f—p)°
rf Pf 8

the lower and upper
variance of f under P
as optimization problems



Lower & upper variance

P(f == max P(f - p)°

Vef =minP(f - 1)?

{Vef| Pemp)
Vpf = minP(f - p)? P(f-p)?= min P(f- 1)?
Pf Pf 8

Walley's variance envelope theorem:

Vpf= min Vpf and Vpf= max Vpf.
Vpf S pf pf A pf
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notation

a real variable

|

\ (Pf—p)- (Pg—v)

Pg >< 0
~N [
Pf a

prevision of the gamble ¢



covariance notation

the covariance P((f — Pf) - (¢ — Pg))
of f and g under P

|
\ (Pf —p) - (Pg—v)+ Cpif, g}

N

Pg /'\ S CP{f7 g}




covariance

the covariance P((f —pu+p— Pf)- (9 —v+v — Pg))
of f and g under P

|
\ (Pf —p) - (Pg—v)+ Cpif, g}

§ =P((f-p)-(g-v)

Pgf L Cp{f.g)




covariance

— Orlf )= minpax P52 — ) = (552 - 67)

2 the covariance of f and g under P
as an optimization problem
+ : — 2)2.
(22— a)? - (152 - )2
a gamble for every v and 3



covariance

(Pf —p) - (Pg —v) + Cplf, g}
=P((f—w)-(g—v))

Ol o} = mipupaxP (5% - o = (5 = 67)

= Vplt — vploe
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the credal set MP
has 4 extreme points

N\ N4
4 12
N %
Al 3T
s
pf Pf



the credal set MP
has 4 extreme points

N/
AN
[\

N
FZION
3




envelopes



envelopes



envelopes and a set

plse™

{min max P ((
acR BeR



envelopes and a set

- o _ )2 _ (f=a _ gy?
{gglgrgggP(( s —a) = (52-p?) | Pemp}



Lower & upper covariance notation

X : the lower covariance of f and ¢ under P
Pl /
Celf,ob = migmax PG — o - (52 = 9

A
7



Lower & upper covariance notation

Op{f, g} ] Pe MB}

— =

o . the upper covariance of f and ¢ under P
5l V PP f g Vid
f-9 5)2)

Cp{f.g} _%lgﬁiglelﬁp(( to )2 — (L3¢

A
7



Lower & upper covariance

the covariance envelope theorem

Plza™
Cr{l, 0} = mipmax P((55* )" = (55* = 0)")

= nlinpeMg Cp {f .(1}



Lower & upper covariance

ph
- Cpif.gt | PeMP
phe N, { ’ }
N
3 the covariance envelope theorem
Orlf ) = marmip P55 = )" = (50 = 9))

= maxpemp Cr{f, 9}



Conclusion

We have found a definition of lower and upper covariance under coherent
lower previsions that

> is direct, in the sense that it does not make use
of the credal set of the lower prevision;

» and satisfies a covariance envelope theorem.

Moreover, it generalizes — as it should — the existing optimization problem
definitions for covariance and (lower and upper) variance



Open questions

> Can this idea be extended to other, higher order central moments?
In other words, can a definition be found for lower and upper versions
of these moments under a coherent lower prevision that
» is direct, in the sense that it does not make use
of the credal set of the lower prevision;
» and satisfies a higher order central moment envelope theorem?

» What is the (behavioral) meaning of an upper and lower covariance
or, for that matter, lower and upper variance?



